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Quasi-normal modes of D3-brane Black Holes 
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We investigate a method to evaluate quasi-normal modes of D3-brane black holes by wave inter- 
pretation of fields on D3-brane based on the Feynman's space-time approach. We perturbatively 
solve the wave equation which describes propagation of a dilaton wave in a bulk space and its in- 
teraction with the D3-brane. The obtained condition for the quasi-normal modes are qualitatively 
equivalent to that evaluated in the usual scattering of the dilaton in the black 3-brane spacetime in 
the corresponding supergravity description. 

PACS numbers: 04.70.-s,04.50.+h,11.25.Hf,11.15.-q 



I. INTRODUCTION 

It is well known that black holes have thermodynam- 
ical properties, i.e. entropy [Q, ^ and temperature 
which can be understood in the framework of general 
relativity!!] and quantum theory of matter in curved 
spacetime]|5] . In these formalisms, the entropy for a black 
hole is given by a quarter of its horizon area and Hawking 
radiation can be explained as a particle creation caused 
by existence of the horizon. Some years ago, in the string 
theory, which seems to be most promising candidate for a 
quantum theory of gravity, it was found that the D-brane 
can also describe black hole spacetime and its thermody- 
namical properties ||. In this prescription, the entropy 
for a black hole is derived by counting the number of 
microscopic states on the D-braneQ, and Hawking ra- 
diation can be recognized as emission process of closed 
strings from the D-brane ||, 0). 

As for the scattering processes of a particle or a wave 
in a black hole spacetime, we can observe a good agree- 
ment between a D-brane picture and an analysis based 
on the corresponding supergravity description. Espe- 
cially the absorption cross section for a dilaton by the 
D3-brane in a low-energy region, which is evaluated by 
means of the world volume approach, has been shown 
to coincide with the result obtained by solving the wave 
equation for the dilaton field propagating in the 3-brane 
background fn], [Tl| , [l2| . Taking account of the above re- 
sults in the scattering processes, it seems to be quite 
natural to pose a question whether the agreement is hold 
even for quasi-normal modes (QNMs) of a black hole or 
not. 

QNMs characterize the emission of a gravitational 
wave which represents a response to a perturbation af- 
fected to a black hole spacetime jl^, |l4|, p^| . As briefly 
reviewed in appendix A, it is obtained by solving the wave 
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equation on the background with the suitable boundary 
conditions that the flux at the horizon is ingoing and 
outgoing at spatial infinity. QNM is characterized by a 
complex frequency whose imaginary part represents the 
time scale in which the perturbation to the black hole 
spacetime decays. Since black holes are interpreted as 
thermal objects that are characterized by thermal quan- 
tities such as the temperature and entropy, the imaginary 
part of the QNM frequency can be recognized as the re- 
laxation time within which black holes approach to the 
thermal equilibrium. 

As was well known, the relationship between D-branes 
and black holes in string theory is an important pre- 
cursor to the AdS/CFT correspondence. And connec- 
tion between QNMs and the decay of perturbations in 
the dual CFT was first suggested in the work of Q 
based on the numerical computation of QNMs for AdS- 
Schwarzschild black holes in several dimensions. QNMs 
of AdS black holes and BTZ black holes arc investigated 
in 0, [0| |(}, ||, H H, [2§ |§ ||, pi and those 
of near extremal black branes are found in ||28|| . Further- 
more in |^| , it was shown that the frequencies of QNMs 
for BTZ black holes are in exact agreement with the lo- 
cation of the poles of the retarded correlation function 
describing the linear response on the CFT side. 

In the present paper, we consider the D3-brane as an 
other example of the correspondence in QNMs. Our anal- 
yses for the D3-branes will be performed in the two dif- 
ferent parameter regions in type IIB string theory, one is 
large number of the D3-branes and the other is only one 
D3-brane. In the first region, the classical supergravity is 
effective so that gravity is described by the curvature of 
space-time. In the later, the perturbative field theory on 
the D3-brane, which is embedded in a flat spacetime, is 
effective. In such flat spacetime, how QNMs can be cal- 
culated? This is our main interest and motivation in this 
paper. We will apply Feynman's space-time approach to 
this problem, which gives alternative intuitive methods 
to quantum field theories |3(], [u], [53|. We pertur- 
batively solve the equation derived from the low energy 
effective action for the D3-brane, i.e. the Dirac-Born- 
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Infeld action, which describes propagation of a dilaton 
wave in the bulk flat spacetime and its interaction with 
D-branes. And we apply a general condition for QNMs 
which is obtained in appendix A to the scattering prob- 
lem of this flat D3-brane case. It is shown that the ob- 
tained condition of QNMs is qualitatively equivalent to 
that evaluated in the framework of the usual scattering 
of the dilaton wave based of the supergravity description. 

A brief outline of this paper is following. In the next 
section, we obtain the QNMs for the 3-brane by solv- 
ing the wave equation propagating on its background in 
classical supergravity analysis. In section 3, only one D3- 
brane are considered and the condition of the QNMs are 
obtained by the Feynman's space-time approach. These 
two results are compared and discussed in section 4. In 
appendix A, we give a brief review of QNMs. Absorption 
of a scalar for D3-brane is also investigated by space-time 
approach and the result is compared with the result of 
[pLl|| in appendix C. 



II. QUASI-NORMAL MODES IN 
SUPERGRAVITY 

In this section, we evaluate the QNM of 3-brane solu- 
tion of type IIB supergravity. The main analysis of this 
section is based on the results obtained in 12 



which 

studies absorption probability of a dilaton by the D3- 
brane. We consider the dilaton as a minimally coupled 
scalar, which obeys the wave equation 
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d A ^f~99 AB d B <\> = 0, (A, B = 0,1,..., 9) (1) 



in the spacetime whose metric is given by 



ds 2 



R 4 



R_ 4 



-1/2 



1/2 



-dt 2 



dxidx 1 ) 



1 + ~~T ) (dr 



r 2 dnl 



(2) 



The characteristic length of the 3-brane R is related to 
10-dimensional gravitational coupling constant Kxo as fol- 
lows, 



R 4 = AngNa' 2 = 



Nk 



10 



2tt 5 /2 ' 



(3) 



In the case of the scattering in the low energy region 
uR « 1, the dominant contribution to the cross sec- 
tion comes from spherical symmetric process so that we 
concentrate the radial equation for s-wave of energy u) 
derived from Eq.(fil) 



dr 2 
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r dr 



i R 

r 4 



-) = 0. 
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If one performs the change of variables, r = Re 



,2z 



(r) 



i/>(z), then Eq. 



d 



becomes Mathiue equation, 
ip(z) = 0. 



^— + 2(W?) 2 cosh2z 
oz z 



(•5) 



As was shown in [Q , the exact solution which is ingoing 
at horizon(r — ► 0) can be expressed as expansions in 
terms of Bessel and Hankel functions as follows, 

£ C -^^J n (u;Re- z )H^(u;Re z ), (6) 



n— — oo 



where the coefficients is given by 



c(m) = 



r(M + 2)r( M ) 



V{jj) 



Km) = E^)" ) 4 B) 

n=0 V 

A?) = 1 



oo oo oo 
Pl=0p2=2 p q =2 

a » = MM + l)(M + 2)(/i + 3)' (?) 

The value of /i is determined in terms of a prescription 
in the standard Floquet analysis which implies 



c(n) c(-/x+l) 
c(n-l) c(-n) 



= 1. 



(8) 



The explicit expression for the first few terms of /x and 
A^P is given in Appen 
ables for convenience, 



is given in Appendix B. Let me introduce new vari 



r\ = e 
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With these variables, asymptotic forms of the solution 
(H) near the horizon (Re z — ► oo) is given by 



- ('-;) S e ' ( "**'- iX < 10 » 

Similarly we can obtain the asymptotic form for the spa- 
tial infinity (Rc z — * — oo) 



v 1 ' ■ 'I ~) 
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From these asymptotic behavior given above, we can read 
off the amplitudes 

A = (r]--), J=(„ x _-L), ft=(x--), 
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for the transmitted, incident and reflected waves, respec- 
tively. As we describe in Appendix A, QNMs are given 
by the condition, 

1/K = 0. (12) 
In order to compare the obtained results (O) with the 



evaluation of QNMs in the next section based on Dirac- 
Born-Infeld action which is the low energy effective the- 
ory of the D3-branes, we consider the QNM condition 
dl2| ) in the low energy region ,i.e., ujR -C 1, that can be 
expanded with respect to ujR as 



JP - 



= 1 



+ 512 
512 72 



(uRf 
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TT Z 
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+ — lo S -TT 

TT Z 



+ 0({ujR) 16 {\ogojR) 3 ) 



ujR U 



uR 
(log^-) 



(13) 



= 0, 



where R is written by the characteristic length of the 3- 
brane R and the Euler constant 7 as R — e 7 i? and j3 is 
a phase factor, 



R 2 4 259 uR B 22 3 wR 12 



216 



81 



(14) 



Let us solve approximately the above QNM condition 
up to the lowest order (ujR) 8 , 



TT 2 , , „ / 4«, Wi? 

1 + 5T2 (wi?) 1 + 7 l0g - 



0. 



(15) 



In the usual evaluation to QNMs (UJ, |g, ||, ||, ||, 
p4] , |25| , |27| , their frequencies are characterized by the 
curvature scale of the black hole space time, i.e. \u>R\ ~ 1. 
Contrastingly, our calculation, which is valid in the range 
to \u>R\ <C 1, gives QNMs in the low energy region. From 
the observational point of view, the frequencies for QNMs 
obtained in this paper might not be important. However 
recall that our main interest is to confirm the equivalence 
between two different pictures, i.e. the D3-branes and 
black 3-branes, in the case of QNMs. 

From the condition ( |l5"| ) in the region <C 1, we 
note that its solutions lie on n-th Riemanian sheets with 
n > 1 in the complex ljR plane. Inserting a polar coor- 
dinate representation for (ujR) s to Eq.(15), 



(coRf 



(16) 



we obtain two real equations, 

^2 



= 



i + ^cos* 



irr 
210 



= 27rsinf 



(log r + 8 log — ) sin 9 



(log r + 8 log — ) cos 9 - 9 sin 9 



(17) 



(18) 



From Eq.(|18|), r is expressed in terms of 9 as, 

r = 2 8 e - 87 exp[(0-27r)tanl9]. (19) 
So, we get the equation for 9 from Eq.(17) and Eq.(|l9|), 



4 e 8 7 



?-27r) tan I 



9-21T 



COS 



2tt) 



0. 



(20) 



Since, r must satisfy r <C 1, we can see from Eq.@ 
that 9 must satisfy \9\ ^> 1. There are two cases for the 
solution of Eq.(|l9|) and Eq.(pO|) as follows, 



> 2tt, ta,n9 < 0, cos(6> - 2vr) > 



<^ - - + 2rt7r < 9 < 2tot, n > 2 



(21) 



(ii) 



< 2tt, tanfl > 0, cos(6» - 2?r) < 



- (2n - 1)% < 9 < -(2n - 1)tt + -, n > 0. 

(22) 

where n is an integer. The condition \9\ 3> 1 is satisfied 
when n ^> 1. Let us consider the case (i). We put 9 = 
2wk - A„ and < A„ < tt/2. Then Eq.@ can be 
written as follows, 



I _ n c -2n7rtanA„ ^TITT ^ 

4e 8 T cosA„ ~ 



(23) 



A„ must be much less than unity in order that the second 
term of the above equation cancels the first term. It 
follows that, 



1 



-2n7rA, 



4 e 87 
1 



2nir ~ 0, 

TT 2 



A ""2^r (l0g71 + l0g 2^ ) - 



(24) 
(25) 



In the case (ii), we put 9 = — (2n + + A„. After 
a similar analysis, we have the same result Eq.(G5h for 
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A„. This A„ are very small number as long asn> 1, 
so that the solution of Eq.(fl5|) is just below the real axis 
of complex (ujR) 8 plane. The radial parameter r can be 
written as, 



O 



log 71 



(26) 



The QNMs frequency are R 1 times eighth roots of re 1 



III. THE WAVE SCATTERING OF D3-BRANE 
IN SPACE-TIME APPROACH 

In this section, we consider the case of a small number 
of the D3-brane in string theory so that the description 
of the system based on the field theory with Dirac-Born- 
Infeld action is effective one rather than that in terms 
of the supergravity which has been used in the previous 
section. For simplicity we treat one D3-brane in flat 
space-time and field theory with DBI action on it. In 
the case of the dilaton absorption by D3-branejlI| [ll], 
PJJ, the evaluation of the cross section is based on the 
world-volume interpretation, in which bulk dilaton field 
is recognized as a source of the world- volume fluctuation. 
In other words, it is assumed that quantum fluctuation 
of the bulk fields decouples and the dynamics is strictly 
on the brane. 

As explained in the Appen dix A, QNMs are deter- 
mined by the condition ( |A1C| ) which states no incident 
wave in the scattering of the dilaton field in the black 
hole spacetime, and the reflective amplitude is needed to 
evaluate QNMs frequency. The world-volume approach 
0, [fl], [| do not give reflective amplitude which is 



concerned to bulk propagation. Thus the world-volume 
approach [0 [ll] |l2| is not suitable for inve stiga tion of 
QNMs. Since the above definition of QNMs ( |A10D based 
on the scattering processes of the dilaton, we have to 
take account of its bulk propagation at least. In order to 
keep close similarity to the evaluation of QNMs in previ- 
ous section based on the classical supergravity, we throw 
a dilaton into a D3-brane from spatial infinity, which is 
treated as a wave in field theory such as R.P.Feynman's 
space-time approach [[30| |3l], |32|, [33|. Incident dilaton 
propagates in the bulk space and eventually interacts 
with a D3-brane. By perturbatively solving the wave 
equation for the dilaton, we can obtain its reflective am- 
plitude. Another reason for using this space-time ap- 
proach is that we bear its waveform in mind, which is 
one of the other important aspects of QNMs. The cal- 
culation based on CFT might be enough to evaluate 
the frequencies of QNMs which are given by positions of 
poles of the retarded CFT correlator. However our ap- 
proach can tell us actual wave forms observed at infinity. 
Thus it is possible to discuss relation between two pic- 
tures of black hole spacetime, i.e. the supergravity and 
the D-brane description, from the viewpoint not only of 
the frequencies of QNMs but also their wave forms. In 
the appendix C, for a proof of the validity of our calcu- 
lation based on the Feynman's spacetime approach, the 
dilaton absorption cross section is evaluated by the for- 
malism which developed in the present paper. And we 
show that our result agrees in the lowest order with that 
obtained by the world volume approach jl(], [ll], |l2|j . 



For a low-energy dilaton, DBI action can be expanded 
in Einstein frame as follows plf , 



J 



Sdbi 



n (fx 



I 



\ 



-det Gf„ 



e 2 



\1V 



(27) 



where F n — F^ 2 1 ' ' F^ui anc ^ ^3 ^ s * ne tension of the D3- 
brane. The term is field strength of the gauge field on 
the 3-brane describing its longitudinal dynamics, while 
its transverse oscillations do not couple with dilaton. For 



N = 1 case, gauge fields on the D3-brane are photon, and 
we take Coulomb gauge for it on the D3-brane. Then the 
action for the dilaton in the bulk and the gauge fields on 
the brane is given by 



ScS = —- 



d w xd A <j)d A cj) - 



d w x S^(o 



(1 - V^nw^d^A^A 1 
I 



1 

2f; 



(e^AdjAkXe^AidM 



(28) 



where i — 1,2,3 and A = 8qA. For a low energy dilaton, the scattering process is dominated by s-wave so that we 
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can put its form as <f> = <j)(t, r) where r 2 = x\ H h Xg. 

The evolution of the dilaton in the bulk and the gauge 
filed on the brane are expressed by the wave equations, 



15 

4r 2 



)<P = -S{r)-0^^A\ (29) 



d^A = V2 Kw d^A) 



J3 



{e lmn Ad m A n )^ k d 3 A k 



T; 



■d a 



(e lmn Ad m A n )e bat A t 



(30) 



where we change the variable as tp = r 5 / 2 0. We can solve 
these wave equations by means of perturbation with re- 
spect to interaction with gauge fields, i.e, the coupling 
constant K\o, and four point interaction of gauge fields, 
whose coupling constant is At first, these waves 

are formally expanded in terms of the two coupling con- 
stants, 



■ . MO 

¥>(o,o) + «ioV(i,o) + Tfr<P{i,x) 
J3 



-^10^(2,0) 



b 10 , 



T, 



-f{2,l) 



A 



(0,0) 



Ai l/i K 10 A i 

K 10^(i, ) + yT^(0,l) + -jT A (l,l) 



(31) 



(32) 



We are interested only in response of the D3-brane to the 
incident dilaton wave. So we omit terms ^4(o,i) and <P(i,o) 
in the above expansions, since these terms represent ex- 
citation which exists before arrival of the injected dilaton 
at 3-brane. 

At (0, 0)-order, we obtain wave equations 



15 

dud" A 



)<P(a.. 



0) 



0,0) 



= 0, 

= 0. 



(33) 
(34) 



which express that the dilaton wave does not interact 
with the D3-brane at the origin r = 0, and pass through 
it. So, regularity of the dilaton at the origin requires 
that the wave is reflected with the same amplitude as 
that of incidental one. The solutions in the lowest order 
are given by 



<P(o,o) 

(0,0) 




H + fffW , (35) 



a\z 'ik-x 



a=l 



(36) 



where, fco — |k|, (e^) 1 i s polarization vector, and the com- 
plex number C a , which satisfies |C Q | 2 = 1, represents a 
degree of freedom for the phase of the initial configura- 
tion of the gauge field. We prepare the wave function in 



the lowest order, AL Q s , to express its vacuum fluctuation 
of the photon so that its normalization is taken to be as 
same as that in the corresponding quantum field theory. 
At (1, 0)-order, the wave equations for the gauge field 

is 



d^A (1 



(1,0) 



-y/2(p 



(0,0)^(0,0) ■ 



(37) 



Here we choose a negative energy photon -A(o.o) m 
Eq. (|37|) . Thus this equation shows that the positive en- 
ergy photon j is created from the positive energy 

dilaton <P(o,o) and the negative energy photon A^ Q %. Be- 
cause, in standard prescription of quantum field theo- 
ries, a negative energy wave function is interpreted as an 
anti-particle which moves opposite direction, Eq. (^) de- 
scribes a dilaton annihilation on the D3-brane and pair 
creation of photons as the calculation based on CFT 
in jlO|]. In order to construct the solution of Eq.(|37|), 
we use the retarded Green's function for 4-dimcnsional 
dAlembertian, 



GU(t,x;i',x') 



S(t -t'-\i 



4ir x - x' 



(38) 



satisfying 

d^G A (x;x') = S^(x-x'), (39) 
which leads to created photon on the D3-brane, 

d 3 k [V3 



A 



V2Cu 3 



(1,0) 




1 



1 



lu 2ko — lu 



£C*(e£)\ (40) 



The wave equation for the dilaton at (2,0)-order is 
given by 



(-5 2 + a r 2 



15 

4r 2 



2S(r) 



% /2 7r 3 r 5/2 (0,0) (1,0) 



(41) 

The homogeneous part of the solution for the above equa- 
tion should be zero, since there is no incident dilaton at 
(2,0)-order. And the Eq.(|4l|) represents the process that 
the excited gauge field A 1 ^ % and positive energy photon 
A^ Q , annihilate to emit a dilaton wave away from the 
D3-brane. We can construct retarded Green's function 
for dilaton, 



2^' 



-iu(t— t') 



G R (t,r;t',r') = -6(t-t') 

x \o(r - r r )H { 2 1) (u}r)J 2 (ujr')Vrr' + (r <-> r') ,(42) 



which satisfies the equation, 



+ ^)GrM. / :/ '• /•' 1 = * / - / ' )M r •• •/ '). (481 
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FIG. 1: The 1-loop self energy for the dilaton. A straight 
and wavy lines represent propagating dilaton and pho- 
ton, respectively 



The explicit expression (|43|) shows that this Green's func- 
tion is regular at the origin r — and obeys the outgoing 
condition at the spatial infinity r — ► oo. Then the (2, 0) 
dilaton which is integrated over the D3-brane is given by 



V(2,0) 



7T / d ^ x P(2,0) 

V3 Jv 3 



32 • 64tt 3 
1 



i u) 
-log- 

7T A 



(44) 



where A is a cut-off factor. The Eq.(|4l|) tells us that <y5(2,o) 
is created through annihilation of two photons, A^ Q Q ^ and 



A % n y which are described by Eq.(|37|). As discussed be- 



fore, it can be interpreted that two photons are emerge 
via the pair creation process. Thus in the framework of 
quantum field theories, the external line corrected by the 
1-loop self energy Feynman diagram depicted in Fig. |l| 
would correspond to the dilaton wave function ^(2,0) ■ We 
note that the field -A(o,o) appeared in Eq. (J37|) and that in 
Eq. ( (4l| ) are identical ones as shown in Fig^7 although we 
interpret these two photons as particle-antiparticle pair. 
Thus, in the evaluation of Eq. (f44|) , momentum integra- 
tions are doubly counted so that we have introduced a 
symmetric factor 1/2. The divergent contribution to the 
(2, 0)-order dilaton should be removed by the renormal- 
ization procedure in which the cut-off A is replaced by a 
scale for renormalization R, i.e. the characteristic length 
of the black hole. 

At (1, l)-order, the equation for tpn,i) have no source 
terms and is not created. The equation for A 1 ^ ^ is given 
by 



d^A\ 1A) = do A (1 , 0) • ( V x A m )e ij k djA 



k 

(0,0) 



+d 
+d 



A (0 ,o) • (V x A(i, ))e y fe a i A 



(0,0) 



A( ,o) • (V x A {0i0) y\d 3 A k (1 



(1,0) 

r 



-d a 
d a 



A ( i i0 ) • (V x A (0 ,o 3 )e 0< "A (0)0)i , 
A (0 ,o) • (V x A (li0) )e bal i (0 , 0)b 



Ko,o) 



(V x A 



(0,0), 



A (1 



(1,0)6 



(45) 



This equation describes four point interaction of photons. 
Similarly as the case of (l,0)-order photon ([37]), one of 
the (0, 0)-photon A^ Q % is chosen to the negative energy 



photon in the right hand side so that Eq.(45) can be 
interpreted as two photon scattering. These scattered 
(1, l)-order photon ^.(1,1) and (0, 0)-order photon A l ^ Q , 
are annihilated to produce (2, l)-order dilaton as follows, 



15 



V2 



5 W^572 9 ^(o,o)i^ (lil) . (46) 



the solution of Eq.(W6j) integrated over the D3-brane, 



¥>(2.1) = T7- I d 3 X (p {2A) 

V3 Jv 3 

I dt'dr'G R ^Q^r J d 3 xd^A (m ^Al hl) 



C 



3 ■ 2 14 7T 4 
( ■ 2 1 w i n 10 ^2 



(48) 



The source term of this equation is integrated over the 
D3-brane to give 



y J cPxd^A^d'Al^ 



Cuj 



10 



( 7 r 2 + 2^1og^-(log^) 2 ).(47) 



3 • 2 11 v / 2tt 4 

Using Green's function for a dilaton Eq.(f43|), we obtain 



where we again introduce a symmetric factor 1/4, since 
the double counting in the momentum integration, which 
emerged in the evaluation of Eq.(Q), occurs twofold in 
this case. The cut-off A will be replaced by the inverse 
of the characteristic length of the black hole R~ l by the 
procedure of renormalization. The obtained wave func- 
tion </?(2,i) correspond to the external line corrected by 
the 2-loop Feynman diagram depicted in Fig.|[ 

Assembly of the calculated dilaton waves at several 
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FIG. 2: The 2-loop self energy for the dilaton. A straight 
and wavy lines represent propagating dilaton and pho- 
ton, respectively 



orders leads to 



V(0,0) + «1QV(2,0) 



/ 



= Ce 



-V(2,l) 
(2)/ 



Ce- Wt \l — 



(49) 
(50) 



,(51) 



where in the last line, we take r — > oo limit and 7?. is the 
reflective amplitude, 



ft = 1 - 



918 4 * " - log^i? - — logwfl ' 



2 11 7T 3 
12 



1 



log ujR 



Here, we recall the relation between Kin, T3 and R 



Kva 



V7T 

T 3 : 



R 4 = 



«10 

2tt 5 /2 ' 



(52) 



(53) 



where we set 2V = 1. Thus the condition of QNM dis- 
cussed in the appendix A is given by 







K 

i + ^Rf (l + ^R 



512- 12 ( ^ 1 ^loga,i ?+ -(log^)- 



+0(M) 16 ), 
where is a phase factor, 

0' = 



512 • 24 



12 



(54) 



(55) 



Eq.([54|) up to (luR) s is very similar with Eq.([l5|), and the 
solution has the qualitatively equivalent behavior. 



3-brane solution of the low-energy supergravity action 
and the other the D3-brane described by the field the- 
ory with the Dirac-Born-Infeld action. We have shown 
that the two different method derived qualitatively same 
condition for the QNMs for the low-energy region. As 
described in appendix C, the evaluations of absorption 
cross section shows similar agreement. In both cases, dif- 
ference, which appears in logarithmic terms, seems to im- 
ply that we must take proper account of the non-abelian 
nature of the theory Jy], |l2|, |3~4|. 

The condition for QNMs ( |A10 ) has been obtained as 
Eq.(|l3|) and Eq.(|54|) in terms of an expansion with re- 
spect to ujR. Up to the order (uiR) 8 , we can express the 
condition of QNM as follows, 



5~l + iE = 0, 

where ~ means equality up to phase factors and 
7r , _. 8 / a , loR 



(56) 



(57) 



In the field theoretical approach as in section 3, S, which 
is just the coefficient of 0(2, 0): corresponds to the 1-loop 
self energy of dilaton. The procedure of the spacetime 
approach gives the dilaton wave function as ( |5l| ) , and we 
can read off reflective amplitude (|52|) which is expressed 
as 



n 



1 -££ 



(58) 



up to the order (uiR) 8 . In our calculation this reflec- 
tive amplitude is perturbatively inverted to give Eq. (^6|) . 
However, in the viewpoint of evaluation based on field 
theories, the above inversion can be interpreted as the 
summation of the self-energy diagrams 



5 ~ 1 + (-*£) + (-»E) 



1 



1 + iE 



(59) 



Thus QNMs can be understood as poles of the scattered 
propagator in the field theory on D3-brane. This is re- 
alized in the calculation of AdS/CFT correspondence in 
the BTZ black hole case in I2I 
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IV. DISCUSSION 

We have evaluated quasi-normal modes (QNMs) of the 
D3-brane black hole by two different approach, the one 
is based on the black hole picture in terms of the black 



APPENDIX A: A BRIEF REVIEW OF QNM 

In this appendix, we give a brief review of Quasi- 
normal modes (QNMs) which represent the relaxation 
process in a black hole spacetime. If one perturbes the 
black hole spacetime, then gravitational wave is emitted 
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to both directions. One part of the wave propagates to 
spatial infinity and other falls into black hole horizon. 
So, it is natural to specify the boundary condition for 
such waves as follows, ingoing at horizon and outgoing 
at spatial infinity. 

Let us consider a minimal scalar on the black holes 



background. It satisfies the wave eq 
forms after some change of variables 



uation of following 



L! 



{~d 2 t +d 2 rt -V(r*))<f> = 



(Al) 



where r* is the "tortoise" radial coordinate. In the case 
of the Schwarzschild black hole with the horizon radius 
r = ?7j, the coordinate is related to the usual radial 
coordinate r as 



r h In 



which spans the region outside of the horizon of the black 
hole. It follows that r* — > — oo represents approaching 
the horizon (r = rh) and r* — > oo the spatial infinity 
(r — > oo), respectively. And the potential V(r*), which 
has the information of the curvature of the spacetime, 
is assumed to have the asymptotic behavior, V(r*) — > 
as r, — > — oo (to horizon) and r* — > oo (to spatial 
infinity). Under this assumption, the solution of wave 
equation ( |Al| ) with a frequency u> can be expressed as 



<t>(t,r*) = Ae-™ 1 *-^ + Be- iuj{t+r * ] 



(A2) 



in the asymptotic region. Here let me remind you the 
boundary conditions, i.e. "QNMs being ingoing at the 
horizon and outgoing at the spatial infinity" are specified 
by 



4> oc 



{r* 
{r* 



oo) 
— oo) 



(A3) 



In order to obtain the solution which satisfies the 
boundary condition described above, we consider the re- 
tarded Green's function constructed by following pre- 
scription. We prepare two solutions (fii(t, r*) and 
<l>2(t,r*), which has asymptotic forms as 



jg-Mt+r.) + TZe- l ^ f - r '\ (r, -> oo) 
Ae~ l ^ t+r *\ (r*->-oo) 



(A4) 



92 ~ \ p e -M*-r.) + g e -*-(t+r.) j ( r , _oo) ( A5 ) 
to construct the retarded Green's function from them, 

G R (t,r*;t',r:)=9(t-t') J ^ e --(t-*')J_ 

x [0(r* - ri)0i(r;)^(r.) + (r* «-> <)] , (A6) 



where the Wronskian A can be evaluated as A = 2iojTQ 
from the asymptotic forms at r, — > oo, Using this re- 
tarded Green's function, we can obtain the wave gen- 
erated by a source term S(t, r*) 



(A7) 



0(i,r.)= / dt'driG R (t,n;t',r'JS(t',ri), 
which satisfies the inhomogeneous equation, 

(-dl + dl-V(n))<p = S(t,n). 



(A8) 



It is obvious that the solution (A7) satisfies the QNM 
bound ary condit ion ( [A3] ). Taking the limit r* — * oo of 
Eqs. (A7) and (A6), we obtain the asymptotic form of 
the generated wave 



dt'dr'J(t - 1') 



djj 
2^ 



p — iu)(t — t') p iujr* 

x _ M<)S(t',K), (A9) 



HuiX 



where contour C must be taken as it enclose lower half 
of complex to plane for retarded boundary condition. So, 
only the poles of lower half plane contribute the u> in- 
tegral in the asymptotic form Eq.(A9) and that is the 
Quasi-normal modes (QNM) which are, of course, com- 
plex and decaying modes. In other words, QNM is the 
poles of retarded Green's function on the lower half com- 
plex ui plane. The condition of QNM is I = 0, but only 
the ratio of amplitudes are meaningful in the asymptotic 
form Eq.(A4), so this is equivalent to 1Z — > oo. Then the 
more genera condition of QNM is, 



1/11 = 



(A10) 



The only things we have to do is to solve this equation 
and choose modes arising at lower half complex plane. 



APPENDIX B: EXPLICIT EXPRESSIONS 



In this appendix, we summarize explicit form for some 
results which were considered too lengthy to write out in 
the main text. 

The Floquet exponent fi which satisfies Eq.(||) can be 
obtained in the expansion with respect to a power series 
in ojR, 
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,u)R. 4 7i ,uR-,s 11851? ,uoR. 12 



" = 1 - — '-> + 5wf ( ^» + ^mvt<- ] + m 

And the coefficient A*jf* in Eq.(Q) up to (luR) 16 are given by 

A« = - 

" 3/i(/i + l)(/x + 2)' 

AW = J-fl--^ 4 M 1 1 1 1 | | 2) 

" 432 M+l M + 144^ + 3 18 (^ + 2) 2 36^ ^ J ' 

(B2) 



2321 739 5 115 



155520^ 9720(/i+l) 216(/j + 2) 3 2592(/i + 2) 2 
791 1 61 1 



9720O + 2) 432(/i + 3) 2 6480(^ + 3) 17280(^ + 4) 



V648 216^ 108(/x+l) 216(^ + 2) 



V^(/i + 2) 



4 4) = ( 164327 _37^^_ 

433996800 31104>+1 ' v ; 



where, tp^ is the PolyGamma function. 

APPENDIX C: ABSORPTION CROSS SECTION 
FOR D3-BRANE 

In this appendix, we compare absorption cross section 
a for the D3-brane in various methods for evaluation. As 
showed in JHJ , there is a bit difference in a for different 
methods at higher order. 

In supergravity, the absorption cross section a for the 
3-brane is given by 

_ 32tt 2 |^| 2 

^sugra- ^5 |J|2 

= ^c 3 i? 8 (l - l -{uR f \oguR + O (M?) 4 )) 

(CI) 

from Eq.(p"T|) as in jl^]. This evaluation is reliable at 
N 1 region where the supergravity description of the 



3-brane is valid. 

We can also calculate the absorption cross section a 
for the D3-brane by means od the space-time approach 
from Eq. (§]]), 

32^ 2 / n. 2 \ 

= Zj^W ^ + i(^) 4 log| +0 (M) 4 )) , 

(C2) 

where we set N = 1. 

As in |ll|, CFT on the D3-brane can also derive this 
quantity, and result is 

"cft = yc 3 i? 8 (l - ^Rf log | + O ((^i?) 4 )) . 

(C3) 

These three evaluation of a are agree at the lowest 
order. 
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